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In 1905, Einstein discovered the famous equation: E — mc? , which means that the rest mass of 
a particle is some kind of energy. This energy is generally referred to as "rest energy", since the 
particle is believed to be at rest. This paper proposes a new interpretation for the term m(? in 
what concerns the fundamental particles. Observing the similarity between the term mc? and the 
fT^ ■ kinetic energy term mv^ /2, we propose to interpret mc? as being one term of kinetic energy. In 

other words we propose that, in the called "rest frame", the massive particles are not really at rest, 
, but they are doing a special kind of motion at the light speed c. In this interpretation the "mass" 

04 ' is not an intrinsic property of the particle. The "mass" is simply the kinetic energy associated with 

this special kind of motion. We propose that this special kind of motion is a Microscopic Orbital 
^ \ Circular Motion (MOCM). The more important consequence of this hypothesis is that the term 

■ mc^, present in the relativistic Hamiltonian, must be rewritten as: mc^ — >■ poc, where po = nic 

is the modulus of the instantaneous linear moment po of this motion. The MOCM results from 
the interaction of the massive fundamental particles with some field, and different eigenstates of 
this interaction correspond to different masses (different eigenvalues). However, the theory only 
' (— I ' ' provides the shape of the interaction, without telling us which is the nature of the field itself. 

^ The spin of massive fundamental particles is generated by the MOCM. In the quantum mechanical 

I , formulation of the theory, we noted that the velocity operator associated with the Dirac Hamiltonian 

Ch ' is physically inconsistent. This paper shows that the origin of these inconsistencies is the criterion 

used to determine the operators Qi and /3 presents in the Dirac Hamiltonian. We propose a new 
determination for these operators. 
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I. INTRODUCTION 



Since the discovery of the formula E — mc^ by Einstein, we know that the inertial mass of a particle at rest 
corresponds to the total amount of energy stored in the particle. It includes all forms of energy. For example, if the 
particle is not fundamental, being constituted by other particles, its mass is not the simple sum of the individual 
masses of its constituents. The energy of interaction of its constituents is also included in the sum, contributing for 
the mass of the particle. On the other hand, there are massive particles in nature, for example the electron, that are 
believed to be fundamental, i.e., massive particles that do not have internal structure. The question is: What is the 
origin of the "rest mass" of a fundamental particle? 

Among the fundamental particles, certainly, the most familiar one is the electron. Although the physical properties 
of the electron such as the mass, the electric charge, the magnetic moment, etc., are very well known from experiments, 
a theoretical model that allows us to understand these properties of the electron is still missing. Maybe the most 
famous model for the electron is the called "Abraham-Lorentz Model" . It is a purely classical model. In this model, 
the electric charge of the electron is uniformly distributed in a sphere of radius Re ■ This radius is the called "classical 
radius of the electron" . In this model one considers that the energy stored in this sphere, due the repulsion that each 
element of charge causes on the other elements, is the origin of the electron mass. However, the upper experimental 
limit for the "classical radius" of the electron is about two orders of magnitude smaller than the theoretical value for 
Rf.. Therefore, this model is not correct. Furthermore, there are theoretical problems with this model. For example, 
each element of electric charge causes repulsion on the other elements. So, unless another force of different nature 
is acting on the electron, this spherical distribution of charge is unstable. The fact is that there is no evidence of 
such force acting on the electron charge to keep it confined in a little sphere. Certainly, the Abraham-Lorentz Model 
cannot be correct because it is a purely classical model. 
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In this paper we propose two hypotheses. The first one is that the term mc^ is a term of kinetic energy, which 
is associated with a special kind of motion, done by all the massive fundamental particles, at the light speed c. 
The second hypothesis is that this special kind of motion is a Microscopic Orbital Circular Motion (MOCM). These 
two assumptions are the only two hypotheses of the theory. The entire paper is dedicated to discuss the physical 
consequences of these two assumptions. 

The paper is organized as follows. In Section HI] we propose and justify the two above hypotheses. We discuss its 
physical consequences in the "rest frame" of the particle. In Section [IIII we extend the discussion for the case where 
the particle is not in its "rest frame" . In these two Sections, |ll] and IIIIl the description of the theory is done in the 
context of classical mechanics. In Section ITVl we make a semi-classical analysis of the theory. By "semi-classical" we 
mean that we impose the condition that the angular moment of the MOCM is quantized as integer multiples of Ti. 
We analyse the physical consequences of this condition, as for example the consequences for the spin of a massive 
fundamental particle. In Section |V] we discuss the quantum mechanical formulation of the theory. We point out that 
the velocity operator associated with the Dirac Hamiltonian is physically inconsistent and that the origin of these 
inconsistencies is the criterion used to determine the operators ai and /3 presents in the Dirac Hamiltonian. We 
propose a new way for determining these operators. Finally, in Section [VII we make a brief discussion about how the 
present theory can give us an explanation for the quantization of the electric charge. 



II. mc^: ONE TERM OF KINETIC ENERGY 



The term mc^ has the same structure as the term of kinetic energy What we mean is that these two terms 

have the structure "mass times the square of the velocity". It means that, if represents the kinetic energy of 

a particle with mass m and velocity then the term rac^ can be interpreted as being not the rest energy, but the 
kinetic energy of a particle with mass m and velocity c. 

Maybe the reader can say: "fetti the light speed c in the vacuum is a mere constant that gives the dimension of 
energy for the mass in the MKS system^^ . This is not true. The light speed c is not a mere constant. In first place, the 
light speed only has the same value c in any inertial frame because the time and the space are relative quantities, that 
depend on the referential. It can be considered a mere coincidence the fact that the Lorentz Transformations, for the 
time and for the space, have exactly the required shape in order that the light speed in the vacuum remains with the 
same value c in any inertial frame. Second, although c has the same value in any inertial frame, we must remember 
that c is a function of eg and fiQ, respectively the electric and magnetic permeabilities of the vacuum, through the 
formula 

(1) 



So the light speed c in the vacuum has the particular value c « 3 x lO^m/s because the permeabilities eg and /io have 
the particular values that they have. However, the values of eg and /ig could be different than they are, what would 
imply in a different value for c. In fact, in a material medium, where the permeabilities e and fi are different of eg 
and ^0 , the electromagnetic waves propagate with velocity different of c flj . 

Other possible question of the reader is: "w/ij/ can we compare the term rac^ , product of relativity theory, with the 
non-relativistic term The answer for this question is: although the term rac^ was discovered in special 

relativity theory, this term is the first one to survive in the non-relativistic limit, i.e., in the limit v << c. In fact, 
when we make the expansion of the relativistic energy, the zero order term of the expansion is the term mc^. In this 
expansion, the term arises as a first order correction for the energy: 

E = , « TOC^ -f — — + ... . (2 

In this sense, we can say that the term mc? is more "non-relativistic" than the term mv'^ /2. In short, we can say 
that these two terms are important in the same kinematical regime, i.e., in the regime v « c. Therefore, they can 
be compared between themselves. 

In order to conclude this subsection, it remains to make the more important question. This paper proposes to 
interpret the term mc^ as being one term of kinetic energy, which is associated with a special kind of motion done by 
all the massive fundamental particles at the light speed c. The question is: "w/iat kind of motion is that?\ Obviously 
this motion is not rectilinear, otherwise the massive fundamental particles would be moving rectilinearly through the 
space at the light speed c, as do the massless particles. We propose that this special kind of motion, done by all the 
massive fundamental particles, is a Microscopic Orbital Circular Motion (MOCM). Therefore, all the fundamental 
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particles, massives or not, are moving at the light speed c all the time. The difference is that the motion of a massless 
particle is rectilinear. In contrast, the motion of a massive fundamental particle is a circular orbit. Therefore, in the 
"rest frame" of a massive particle, it is not the particle that is at rest. What is at rest is the center of mass of the 
orbital circular motion. 

The fact that the massive fundamental particles move at the light speed c implies that the physical property called 
"mass" is not an intrinsic property of the particles. According to special relativity theory, only massless particles can 
move at the light speed c. Therefore, all the fundamental particles that exist in nature are intrinsically massless. The 
only difference between a particle classified as "massive" and a particle classified as "massless" is the type of motion 
that the particle does. If the particle moves in a rectilinear motion, at the light speed c, it is classified as "massless" . 
On the other hand, if the particle moves in an orbital circular motion, also at the light speed c, it is classified as 
"massive" . 

Certainly, for fundamental particles the characteristic length scale of the MOCM is very small compared with our 
macroscopic world. An estimative of the classical radius of this motion for the charged leptons will be done in Section 

A. Is there a field interacting with the "massive" fundamental particles? 

There are at least two reasons to believe that the "massive" fundamental particles are interacting with some field. 
The first reason is that the orbital circular motion is an accelerated motion, and an accelerated motion requires that 
the particle be interacting with some field, otherwise the particle would be moving rectilinearly instead of moving in 
a circular orbit. The second reason is that the "rest masses" of fundamental particles have well defined values. We 
know from quantum mechanics that the energy of a free particle can assume any value of a continuous spectrum. 
On the other hand, the energy of a particle that is interacting with some field can assume only certain discrete 
values. The fact that the "masses" of the fundamental particles have well defined values suggests us that there is an 
interaction taking place. Therefore, we assume that the MOCM proposed in this paper results from the interaction 
of the "massive" particles with some field. The characteristics of this interaction, as well as how to include it in the 
Hamiltonian, will be discussed in Subsection IIIIFl 

B. The linear moment associated with mc^ 

The energy E oi a massless particle is related with the linear moment p through the expression: 

E = pc. (3) 

In the present theory, the "mass" is not an intrinsic characteristic of the particle. One "massive" particle is in truth 
a massless particle in orbital circular motion. It means that, in the present theory, the relation ([3]) is valid also for 
"massive" particles. 

Let us label the linear moment of a "massive" particle as jjq. Since the particle is doing an orbital circular motion, 
Po is the instantaneous linear moment of the particle, which is tangent to the motion (see Fig. [1} . Using the relation 
([3]), the energy associated with the orbital circular motion can be rewritten as a function of po'. 

E = TOc^ = Po c , (4) 

where po is the modulus of the vector pq. Therefore, looking at Eq. Q we conclude that: 

Po — mc . (5) 

In Fig. [T]we see the classical picture (classical in the sense of non-quantum mechanical) of a "massive" fundamental 
particle in orbital circular motion. In the classical formalism, the instantaneous linear moment of the particle is 
tangent to the orbital circular motion, and is given by: pq = mc(j), with (j) a polar coordinate. However, in the 
quantum mechanical formalism there is no trajectory, and we will have a wave function describing this particle. 

C. Comparing mc^ with mv^ /2 



Now let us understand better the differences between mc^ and mv^ jl when we interpret mc? as being one term of 
kinetic energy. 



FIG. 1: The classical picture (classical in the sense of non-quantum mechanical) of a "massive" particle in orbital circular 
motion. The instantaneous linear moment of the particle, tangent to this motion, is po — raccf) in polar coordinates. 



First, observe that, in general, when we take the kinetic energy E = the mass (to) of the particle is kept 

fixed, and each value E of the energy corresponds to a different value v of the velocity. In particular, if the system is 
quantized (suppose, for example, that the particle is inside a potential well) the discrete energies Ei are related with 
the discrete velocities Vi through the expression: 

2 

E, = ^ , * = 1,2,3,... . (6) 

On the other hand, the light speed c has a fixed value. Therefore, when we take the expression E — mc^ as being the 
kinetic energy of the particle, each different energy E must corresponds to a different mass to. In particular, if the 
system is quantized, the discrete energies Ei correspond to the discrete masses nii through the formula: 

Ei = rriiC^ , j = 1, 2, 3, ... . (7) 

Now let us calculate the energy acquired by a particle that is under the action of a force F. When the force is 
applied on the particle, its energy E will change by an amount AE given by: 

AE:^ f F-df^ f ^■dr':^ f dp-^= f dp-v . (8) 



. dt J dt ^ 

In a mathematically more rigorous way we can do the last two passages as: 
dp ( Ap 1 f Ar 1 

— • dr^ limAt^a ) ' ^^f ^ UmAt^o S Ap - r = iimAt^o Ap - v = dp - v . (9) 

The particle with kinetic energy E — tow^/2 has a moment p = mv. An infinitesimal change in p is given by: 
dp — mdv. Substituting dp = mdv in Eq. ([8|), and considering that initially the particle is at rest, we obtain that the 
energy E acquired by the particle is given by: 

/f f Tnv^ 

dp - ^ — (mdv) - V — m v.dv — — — . (10) 

Therefore, substituting the infinitesimal change dp = mdv in Eq. ([5]), we were able to obtain the expression of the 
kinetic energy E = tow^/2. 

Now let us consider the expression E = mc^ for the kinetic energy. As discussed in the previews subsection, the 
linear moment associated with this energy is: po = mc. But now, the modulus of the velocity c has a fixed value c. It 
means that the vector c determines only the direction of the vector po- The magnitude of \po\ is determined by the 
"mass" TO, which in this case is not constant. By applying a force on the particle, we cannot change the magnitude of 
the vector c, but only the direction of this vector. Therefore, if we apply a force F parallel to c, we will have Ac — 
and Am ^ 0. In this case, the change in the linear moment of the particle is given by: Apo = (Ato)c. On the other 
hand, if the force is applied in any other direction we have: dpo = {dm)c + m{dc). But since |c| = constant, the 
variation dc can happens only perpendicularly to the velocity c, what means that c • {dc) — 0. 

Substituting dp^ = {dm)c + m{dc) in Eq. ([5]), and considering that c • (dc) = 0, we have: 

,2 / J™ ™„2 



E — dpo - V — / {dm c + m{dc)) - c — / dm{c-c) — c dm — mc . (11) 
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Therefore, doing the same procedure as in the previews case, we were able to obtain the expression of the kinetic 
energy E = mc^. 

Comparing with ()10|) it becomes clear why the term mc^ does not have a factor 2 in the denominator, like the 
term mv'^ /2. This factor arises in the denominator when we make the integral of v ■ dv in (jlOp . while in (jlip we 
have the integral of dm . 

III. THE MASSIVE PARTICLE OUT OF ITS "REST" FRAME 

The formula E = mc^ is valid only when the particle is in the called "rest frame" . According to special relativity 
theory, when the particle is moving with an uniform rectilinear velocity v its energy is given by : 

E=^^^. (12) 

Note that the velocity v appearing in this formula has nothing to do with the velocity of the MOCM proposed in 
Section |lll The velocity v appearing in Eq. (|12|) is the macroscopic velocity of the particle, which is an uniform 
rectilinear velocity. The special relativity theory was developed considering only the existence of the macroscopic 
motion. So, the velocity of the MOCM proposed in this paper is not explicit in the formulas of special relativity 
theory, like the formula (fT2|) . 

The relativistic energy (|12|) can be rewritten as a function of the macroscopic moment p of the particle. According 
to special relativity theory, p is given by: 

mv 

Using this relation, the expression ()12[) can be rewritten as: 



E = y/{mcy c , (14) 

where p is the modulus of the vector p. Since this expression does not depend explicitly on the velocity v, in special 
relativity theory it is assumed to be the Hamiltonian H of the free particle, i.e.: 



H ^ v/(mc)2 +p2 c . (15) 

In what follows we are going to identify, in the formulas of special relativity theory, the physical quantities associated 
with the MOCM proposed in this paper. For example, in the formula ([TSl) for the relativistic Hamiltonian, we will 
identify which term corresponds to the moment po associated with the MOCM (see Subsection III Bp . 

A. Rewriting the relativistic Hamiltonian 

Making the macroscopic moment p = in Eq. ()14|) we obtain: 



E — (mc) c . (16) 

As discussed in Subsection lll Bl the term " mc " in Eq. (jl6p is interpreted as the modulus of the microscopic moment 
Po (see Eq. Therefore, we identify the term mc in Eq. as being pq , and the relativistic energy (ITil) is 

rewritten as: 



E = ^pI+P^c. (17) 
Consequently, the relativistic Hamiltonian (ITSI) becomes: 



H^Jpl+p^c. (18) 
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B. The motion of a free massive particle as seen from an inertial frame 

The called "rest frame" is the franie in which the macroscopic velocity v of the "massive" particle is zero. In this 
frame the only motion done by the particle is the MOCM. In other inertial frames, where the macroscopic velocity 
V 0, the observer will see the particle doing two motions, i.e., the MOCM and the macroscopic motion. If the 
"massive" particle is free, the macroscopic motion is an uniform rectilinear motion with velocity v. 

In this subsection we want to know which is the orientation of the plane containing the MOCM in relation to the 
vector V, where v is the macroscopic velocity of the particle. To determine this orientation we must note the following 
facts: i) the microscopic moment po is parallel to the plane containing the MOCM (see Fig. [T]); and ii) the macroscopic 
moment p is parallel to the macroscopic velocity v (see Eq. (|13p). Therefore, if we determine the orientation of the 
vector Po in relation to the vector p we will be determining the orientation of the plane containing the MOCM in 
relation to the vector macroscopic velocity v. In what follows we are going to do this, i.e., we are going to determine 
the orientation of po in relation to p. The first step in this direction is to define the total moment of a "massive" 
particle. 



1. The total moment of a "massive" fundamental particle 



The total moment ptot of a "massive" fundamental particle is the sum of the macroscopic moment p, given by Eq. 
P^ . with the microscopic moment po associated with the MOCM (see Subsection III Bp . Therefore we have: 

Ptot ^Po+P , (19) 

where \pq\ — mc. 

The next step is to determine the modulus of ptot ■ 



2. The relativistic energy as a function of the total moment 

As discussed in Subsection III B( the fact that in the present theory the "mass" is not an intrinsic characteristic of 
the particle implies that the dispersion relation valid for massless particles, is valid also for "massive" particles. 
The linear moment appearing on the right hand side of Eq. ([3]) is the modulus of the total moment of the particle. 
If the particle is massless its total moment is equal the macroscopic moment p. On the other hand, if the particle is 
"massive" its total moment ptot is given by Eq. (fT9|). Therefore, for a "massive" particle we can rewrite Eq. ^ using 
the new notation " ptot " to designate the modulus of the total moment. Doing this we obtain: 

E=ptotC. (20) 

Now, comparing Eq. (|17p with the dispersion relation (|20p . we identify the modulus of the total moment as: 



Ptot^ JpI+p''. (21) 



3. The motion of a "massive" fundamental particle 

Now we are able to find the orientation of the vector po in relation to the vector p, which is equivalent to find the 
orientation of the plane containing the MOCM in relation to the vector macroscopic velocity v. 
Let us square the vector ptot, given by Eq. ([T9l) : 

{Ptotf - (po +p)^ =^pI+p^ +2po-p =^ Ptot = ^Jpl+p^ + 2po-p , (22) 

where ptot = \ptot\- Comparing this result with Eq. (|21|) we see that: pq -p = 0, i.e., po is always perpendicular to p. It 
means that the plane containing the MOCM is always perpendicular to the macroscopic moment p, and consequently 
to the macroscopic velocity v. The composition of these two motions, i.e., the composition of a rectilinear motion 
with velocity v and an orbital circular motion whose plane containing it is perpendicular to v, results in a helical 
motion. 

In summary, we concluded that the "massive" fundamental particles move through the space in helical motion. 
However, since one fundamental particle must be described with quantum mechanics, we cannot say that the particle 
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describes a helical trajectory. In the quantum mechanical treatment of the particle we must have a wave function 
describing it. This wave function has two components. One of them is the plane wave associated with the rectilinear 
moment p and the other component is the wave associated with the MOCM. 



C. The total velocity of the "massive" fundamental particle 

After defining the total moment ptot of the "massive" fundamental particle, Eq. ()19p . we define now the total 
velocity vtot of the particle. Using the same notation used for the moment, we define the total velocity as: 

vtot^vo + v, (23) 

where vq is the instantaneous velocity of the MOCM and v is the macroscopic velocity. If the particle is free, the 
macroscopic velocity v is uniform, and the motion described by the particle is the helical one. In this case, Vtot is the 
instantaneous velocity of the helical motion. 

Obviously, the vectors vtot and ptot point out in the same direction. Since vq is parallel to pb and v is parallel to p, 
the fact that pq • p = Q implies that vt) ■ v = {). Therefore, vq is always perpendicular to v. 

The Fig. [2]shows the decomposition of ptot in its components pb and p (the left graph) and the decomposition of Vtot 
in its components Vq and v (the right graph). In this figure, we are using cylindrical coordinates, so that the vectors 
Po and vq point out in the </> direction. In this representation, the MOCM is contained in the plane perpendicular to 
the z direction. The macroscopic components p and v point out in the z direction. 




Z 



P 



FIG. 2: a) the decomposition of the total moment in its components pb and p, and b) the decomposition of the total velocity 
in its components vq and v. We are using cylindrical coordinates. 



The velocity of the helical motion 

In Section [n] we proposed that, in the called "rest frame", the particle is doing the MOCM with velocity c. This 
velocity is consistent with special relativity theory because we are considering that the "mass" is not an intrinsic 
property of the particle. In the present theory the particle is intrinsically massless, and special relativity theory tells 
us that massless particles move with velocity c. 

In this section we are considering the motion of the particle as seen from other inertial frames, in which the 
macroscopic velocity v ^ Q. As discussed in Subsection IIII B[ in this case the particle moves in helical motion. 
However, to be consistent with special relativity theory, we expect that the velocity of the helical motion is always c, 
i.e., we expect that the modulus of the total velocity Vtot, defined in Eq. p3|. is exactly c. Consequently, we expect 
that the modulus of the microscopic velocity is a decreasing function of the modulus of the macroscopic velocity v. 
If it is not the case, and wq is always equal c, when v increases the velocity Vtot of the helical motion exceeds the light 
speed c, and the present theory becomes inconsistent with special relativity theory. In what follows we are going to 
derive the expression for vq and to verify if our expectation, vtot = c, is satisfied. 

The component Vi of the velocity can be obtained by using the Hamilton equation: 



dH 
opi 



(24) 
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where qi is the time derivative of the coordinate g;, H is the Hamiltonian and pi is the canonical moment conjugated 
to qi- For example, in the representation shown in Fig. [2J the macroscopic velocity of the particle is given hy v = vz 
and the moment conjugated to the coordinate z is the macroscopic moment p. If we consider that the Hamiltonian 
of the particle is given by Eq. (|18p we obtain: 



dH d { n? ^ \ P \y/T^^c 



dp a^v^ / Vp[+¥ ( mc ] 

This result is trivial, since in the representation shown in Fig. [5] we have v = z. 

Now let us determine the microscopic velocity wq. In the representation shown in Fig. [2] we have: vq = vqc/). Let 
us denote an infinitesimal displacement dl in the cylindrical coordinate (j) as: dl — pdcjxj). By using the Hamilton 
equation to determine we obtain: 



dl dH d ( I \ Po 



dt dpo dpo \^ J ^p\ + p 



n2 



c = \Jc^ - w2 . (26) 



Therefore: 

Wo = 



- w2 . (27) 



Note that the velocity components v and vq calculated above constitute the "ordinary velocity" and not the "proper 
velocity" of the particle [1]. The proper velocity is that one in which the space intervals dz and dl travelled by the 
particle are measured by the observer, but the time interval used is the proper time dr of the particle. The proper 
velocity componets are then given by dz/dr and dl/dr. On the other hand, the ordinary velocity is that one in which 
the space intervals dz and dl as well as the time interval dt are all of them measured by the observer. The proper 
velocity is used to define the 4-velocity in the Minkowski space [2] and is more simple to Lorentz transform than the 
ordinary velocity, since the proper time dr is Lorentz invariant and so only the space interval needs to be transformed. 
However, if you ask the observer to measure the particle velocity using his ruler and his clock the observer will obtain 
the ordinary velocity. 

Looking at Eq. ([27)1 we see that the velocity vq of the MOCM is a decreasing function of the macroscopic velocity 
V. Let us verify if our expectation concerning the total velocity vtot to be equal the light speed c is satisfied. Since 
the vector vq is perpendicular to the vector v, the modulus of the total velocity vtot is given by: 



Vtot = + w2 . (28) 

Substituting vo from Eq. (P?]). we obtain: vtot — c. Therefore, the velocity of the helical motion is always equal 
the light speed c, as we expected. When the macroscopic velocity v increases, the microscopic velocity decreases 
exactly the amount required to keep vtot always equal c. This result shows that the theory proposed in this paper is 
consistent with special relativity theory. 



D. How to do the Lorentz transformations in the present theory 



The formulas of the Lorentz transformations are well established, and the theory proposed in this paper does not 
imply any change in these formulas. However, an observation is in order. The present theory introduces an additional 
motion for massive fundamental particles. This additional microscopic motion, whose velocity is vq, is not known by 
special relativity theory. All the formulas of special relativity theory were constructed considering only the existence 
of the macroscopic velocity v. Therefore, the correct way to do the usual Lorentz transformations is inserting the 
macroscopic velocity v in the formulas, and not the total velocity vtot that was introduced by the present theory. For 
example, the dilation of a time interval is calculated through the formula 0): 

dr ^ yJX-v'^lc^ dt . (29) 

In this formula, we must insert the macroscopic velocity v instead of the total velocity Vtot- It does not even make 
sense using vtot in the Lorentz transformations, since \vtot\ = c. In Eq. (|29|) . for example, if we insert vf^^. = (? we 
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obtain dr = 0. Another example is the relativistic energy (jl2[) . The velocity v appearing in the denominator of Eq. 
([T^ is the macroscopic velocity, and not the total velocity. 

Let us give an example to illustrate the use of the macroscopic velocity v to do the Lorentz transformations. In the 
previous subsection it was obtained the formula (j27l) . establishing that vq is a decreasing function of v. Instead of using 
the Hamilton equation to derive the formula (j27p . we can use the Lorentz transformations to obtain it. According to 
special relativity theory, only the position vector parallel to the macroscopic velocity v is Lorentz contracted. The 
position vector perpendicular to v is not contracted. In the present theory it implies that, since the orbital circular 
motion is contained in a plane that is always perpendicular to v, a space interval dl travelled by the particle along 
the circular orbit is never Lorentz contracted. On the other hand, the proper time interval dr of the particle, which 
is measured in the frame where w = 0, is smaller than the time interval dt measured by an observer situated in an 
inertial frame in which t/ 7^ 0, where v is the macroscopic velocity of the particle. So we have that dr < dt, and the 
relation between dr and dt is given by Eq. (j29p . Therefore, in a frame where the macroscopic velocity w 7^ 0, the 
velocity vq of the MOCM is given by: 



t^o = — = — ■\/l — v'^/c'^ — c \/l — jc? = \/ c? — , (30) 
dt dr 

where we used the fact that, in the "rest frame", the MOCM is done with velocity c, i.e., dl/dr = c. 

This result shows us that the decrease of vq (when v increases) can be interpreted as being a consequence of the 
Lorentz time dilation, which in turn is calculated inserting the macroscopic velocity v in the formula (|29|) . The 
perimeter I — 2ttR of the MOCM is the same in any inertial frame, where R is the radius of the circular orbit. 
However, the time spent by the particle to travel the whole perimeter is different in different inertial frames. In the 
"rest frame" , the time spent by the particle to complete one revolution is smaller than the time measured by observers 
from others inertial frames. 



E. Geometrical interpretations for some results of special relativity theory 

The special relativity theory establishes that the velocity w of a free massive particle can assume any value in the 
interval < v < c, but it can never be exactly equal c because in the limit w — >■ c the energy of the particle diverges. 
To verify this, it is enough to take a look at the formula (|12|) . When v approaches c the denominator of (fT2|) goes to 
zero, and consequently the energy E goes to infinity. 

The present theory provides a geometrical interpretation for this result. As discussed previously, the special relativ- 
ity theory does not know the MOCM proposed in this paper. So, when the special relativity theory tells us that the 
velocity of a massive particle is always smaller than the light speed it is referring to the macroscopic velocity v. It is 
the macroscopic velocity v that is always smaller than c. To understand this result from a geometrical point of view, 
let us take a look at Fig. O Note that, even though the vectors Vtot and ptot point out in the same direction, these 
two vectors have different properties. In the case of the velocity, the vector vtot has constant modulus {\vtot\ — c). 
Therefore, when the macroscopic velocity v increases, the vector Vtot rotates clockwise. When it happens, the micro- 
scopic velocity Vq decreases the amount required to keep the modulus of Vtot constant. In the case of the moment, it 
is the microscopic moment po that has constant modulus (|po| = mc), and not the total moment ptot- In this case, a 
change in the macroscopic moment p results in a change in the modulus of ptot as well as in a rotation of this vector. 
However, in this process the microscopic moment po = mc remains always constant. 

Now let us analyse why the macroscopic velocity v cannot be equal c. The right graph of Fig. [21 alone, does not tell 
us that V is prohibited to be equal c, but if we look at the left graph of this figure we see immediately the reason for 
this. The vector ptot points out in the same direction as the vector vtot, so that the angle 9 appearing in the left graph 
is the same angle 9 appearing in the right graph. The point is that the vector po has a fixed modulus, po = mc, what 
implies that the angle 9 is always different of zero. A small angle 9 can be reached when the macroscopic moment p 
is very larger than the microscopic moment pq, or equivalently when the total moment ptot = \/Po + is very larger 
than pq. However, the greater is the total moment ptot the greater is the energy of the particle E = ptotc In the limit 
9^0 (which corresponds to — >■ c) the total moment ptot diverges, resulting in the divergence of the energy. 

Therefore, what prohibits the macroscopic velocity v to be equal c is the fact that the microscopic moment po = mc 
is constant. It keeps the microscopic velocity vq always different of zero, even though vq can assume very small values 
when V approaches c. The only way of having v = c without the divergence of the energy is making po — 0. In 
this case the angle 9 becomes automatically zero, while the macroscopic moment p remains finite. However, since 
Po = mc, when we make po = we are "turning off" the "mass" of the particle. In this case the particle ceases to do 
the MOCM (uq = po = 0) and makes only the macroscopic motion with velocity v = c. 
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F. One Lorentz-type force acting on the "massive" fundamental particles 

The helical motion is very familiar in electromagnetism. This type of motion happens when one particle containing 
electric charge is interacting with a magnetic field. In classical mechanics, the force F exerted by a magnetic field on 
a charged particle is known as the Lorentz Force, and is given by: 

F = quxB, (31) 

where q is the electric charge, u is the velocity of the particle and B is the magnetic field. The Eq. (1311) implies 
that the component of u parallel to B is unaffected by the interaction, remaining constant all the time. The force F 
acts only on the component of u perpendicular to B. If, e.g., the magnetic field is given hy B = B z, with B 
and constant, the charged particle will move in an orbital circular motion in the plane xy. On the other hand, the 
component Uz = z of the velocity remains constant all the time. 

As discussed in Subsection III Al the MOCM proposed in this paper certainly results from the interaction of the 
"massive" particle with some field. The present theory does not provide which is the nature of this field, but we can 
infer that the interaction of the "massive" fundamental particle with this field is very similar to the interaction of 
a charged particle with a magnetic field. In the present theory, only the component vq of the total velocity vtot is 
affected by the interaction of the particle with the field responsible by the helical motion. The component v, which 
is perpendicular to uq, remains constant all the time. This fact is an indicative that the helical motion proposed in 
this paper results of an interaction of the type "Lorentz Force^\ i.e., one force whose formula is similar to that one 
shown in Eq. ([5T|) . It does not mean that the field required by the present theory is the magnetic field and that the 
charge required is the electric one. What we propose here is that the force acting on the "massive" particle, putting 
it in helical motion, has the same structure as the formula pil) . i.e., the force is proportional to the vectorial product 
of Vtot with a certain field. 

The fact that the force acting on the "massive" fundamental particle has this form implies that the field required 
by the present theory cannot be an uniform classical field filling out all the space, otherwise the component v of the 
total velocity vtot could point out in one only direction of the space, namely the direction of the field. What we see in 
the nature is that the macroscopic velocity v may point out in any direction of the 3-dimensional space. Therefore, 
the field required by the present theory must be generated by the own particle, in such a way that this field can be 
rotated to point out in any direction of the 3-dimensional space. 

To give an example of a field that is generated by the own particle, we have the own magnetic field. A charged 
particle moving through the space generates a configuration of magnetic field around it. A spinning electric charge 
also generates a configuration of dipole magnetic field around it. 

The above discussion is all that the present theory tells us about the interaction between the "massive" particle 
and the field responsible by the helical motion. The nature of the field itself is not provided by the theory. 



1. One minimally coupled Hamiltonian to describe "massive" fundamental particles 

Until now we are proposing that po is the instantaneous linear moment associated with the MOCM. However, the 
Hamiltonian (|18p has no interaction terms, what implies that this Hamiltonian describes a rectilinear motion, instead 
of a helical one. 

In this subsection we want to insert some term of interaction in the Hamiltonian (jl8|) so that this Hamiltonian 
describes correctly the helical motion proposed in this paper. As discussed above, the present theory does not 
provide the nature of the field (or fields) that interacts with the "massive" fundamental particles, but the theory 
tells us that the interaction is similar to that one of an electric charge with a magnetic field (see the previous 
subsection). This information allows us to make an analogy between the present theory and the electromagnetism. In 
the electromagnetism, the interaction between an electric charge and a magnetic field is inserted in the Hamiltonian of 
the particle by making the called "minimal coupling" , which consists in rewriting the linear moment p of the particle 
as: 

p^(p-el), (32) 

where e is the electric charge and A is the vector potential. However, we must pay attention to the fact that this 
procedure is possible only because the divergent of the magnetic field B is null, i.e.: 



V • B = 



(33) 
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This property implies that B can be written as the rotational of a vector potential A: 

B = V X A. (34) 

Therefore, in analogy with the electromagnetism, to make the ^^minimal coupling" in the Hamiltonian (jl8p we should 
be sure that the field interacting with the "massive" particle has divergent null. Since the present theory does not 
provide the nature of the field we cannot know if this condition is satisfied. But supposing that it does, let us show 
how the minimal coupling should be done in the Hamiltonian (|18p. 

The procedure of minimal coupling will modify only the component po of the total moment ptot^ since this is the 
only component affected by the interaction. Let us label the field interacting with a certain "massive" fundamental 
particle as K. The minimal coupling requires that this field satisfies the condition of null- divergence: 

V-K = 0. (35) 
If this condition is satisfied we can write K as the rotational of a vector potential M : 

/? = V X M , (36) 
so that we can make the following minimal substitution, which is similar to that one of Eq. p2p : 

Ptot (ptot - qoM^ ■ (37) 

Here Qq represents some type of charge that the "massive" fundamental particle have and that couples the particle 
with the field K. Furthermore, the vector potential M points out in the same direction as po, since this is the only 
component of the total moment pfot that is affected by the interaction. Making the minimal substitution p7p in the 
Hamiltonian (|18p . and considering that M is parallel to po, we obtain: 



H^ \l{pa-qoM) + c . (38) 

In principle, the expression (j38]) is the Hamiltonian required by the present theory to describe any "massive" funda- 
mental particle. It does not mean that go a-nd M are the same for all the particles found in nature. Probably, the 
physical quantities qo and M used to describe one lepton are different of the ones used to describe one quark. Anyway, 
we must always remember that the vector potential M in the Hamiltonian (|38p is determined by Eq. ((36| . which in 
turn is valid only if the field K satisfies the condition ()35|) . 



IV. A SEMI-CLASSICAL ANALYSIS OF THE THEORY 



In this chapter we are going to do a semi-classical analysis of the theory. By "semi-classical" we mean that we 
will impose the quantization of the angular moment L associated with the MOCM. First we will analyse the spin of 
the particle. In the present theory, the spin of a "massive" fundamental particle is not an intrinsic property of the 
particle, but it is associated with the MOCM. After the analysis of the spin, we will calculate the classical radius of 
the MOCM for the leptons. Although in quantum mechanics the particle does not describe a trajectory, the "classical 
radius" can be seen as a characteristic length scale of the MOCM. 



A. The spin of "massive" fundamental particles 



Currently, it is believed that the spin of a massive fundamental particle is an intrinsic property of the particle, with 
no classical analogue. This belief is due to two facts. The first one is that in the literature there is not a model that 
correctly explain the spin as a classical process. The second reason is that it is believed that the spin of the electron 
is semi-integer, and this fact cannot be explained by a model in which the spin has a classical analogue. 

In the theory proposed in this paper, the fundamental particle is considered punctual, i.e., the particle has no 
internal structure. The spin of a "massive" fundamental particle is associated with the MOCM. In what follows we 
will outline how the present theory describes the spin of the electron. 
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1. The spin of the electron 



Consider one point charge moving in an orbital circular motion (as shown in Fig. [T]). If " a " is the area enclosed 
by the circular trajectory, the magnetic dipole moment fi associated with this motion is given by [l|: 

H = Ia, (39) 

where / is the electric current, which in this case is given by: 

where q is the electric charge of the particle and A< is the time interval required for the particle to complete one turn. 
This time interval is given by: 

27rr 

Ai = , 41 

V 

where r is the radius of the circular trajectory and v is the velocity of the particle. Substituting (|^T|) in (1^(7)) and PO)) 
in (j39p . and considering that the area a enclosed by the circular trajectory is: a = ttt^, we obtain: 

Now we can substitute vr = L/m, where L is the angular moment associated with the motion and m is the mass of 
the particle. Making this substitution in (H^ . we obtain: 

The relation (|43|) is widely known in the literature, but in general one puts a factor g, called "anomalous magnetic 
moment", multiplying the right hand side of this relation, i.e.: 

M = . (44) 



When the anomalous factor g is made equal 1 we recover the relation (|43p . 

Now let us speak about the spin of the electron. Today, it is believed that the electron is a point charge, without 
internal structure, and that its spin is equal to h,/2. This value for the spin is only possible if the spin is a purely 
quantum mechanical property of the electron, without a classical analogue [3[. In fact, in the literature this hypothesis 
is assumed to be the case. 

In the present theory, the things are a little different. The electron is considered punctual, without internal structure, 
however, its spin is associated with the MOCM. The fact is that, in quantum mechanics, the operator angular moment 
has in its spectrum of eigenvalues half-integer multiples of Ti as well as integer multiples of h. However, when we 
impose the condition that the wave function ^E* associated with the electron must be single-valued along the MOCM, 
i.e., ^{(j) = 0o) = ^((^ = 00 + 27r) , where is the angular coordinate, we automatically exclude the solutions 
in which the angular moment is a half-integer multiple of ?i For example, if the spin is fi/2 we have that: 
^{(j) = 0o) — —^(0 = 00 + Stt) , what cannot be the case if the spin is associated with the MOCM proposed in this 
paper. So, the present theory implies that the spin of any "massive" fundamental particle is an integer multiple of fi. 

At this point we can make two questions. The first one is: "Bwt the experiments do not support the idea that the 
spin of the electron is h/2?\ And the second question is: "// the electron had spin integer, should not it be a boson 
and consequently obey the Bose-Einstein statistics?\ 

First let us comment the second question. Certainly, the particles classified as "fermions" must obey the Fermi-Dirac 
statistics, and the particles classified as "bosons" must obey the Bose-Einstein statistics. This is an experimental fact 
and it must remain valid in the present theory. Other fact that also must remain valid in the present theory is the 
fact that the electron is a fermion. What we propose here is that the point that must be revised in a future work is 
the connection between the spin and the statistics. We propose that what must be changed is the criterion to classify 
one particle as "fermion" or "boson" . For example, although the present theory predicts that the spin of the electron 
is an integer multiple of ?i, the electron must be classified as a fermion and consequently it must obey the Fermi-Dirac 
statistics. 

Now let us discuss the first question. In quantum mechanics, if an angular moment is its component can 
assume 3 possible values: h, 0, —h. On the other hand, if an angular moment is ?i/2, its component can assume 
only two values: -l-?i/2, —h/2. 
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The fact is that the experiments do not measure the value Sz of the electron spin. Instead, the experiments only 
point out that can assume two possible values: +|5'2|, —15*21. But the experiments do not tell us if \Sz\ = ^1 or if 
1 5*2 1 = fi/2 . The fact that the electron spin assume only two different values in the experiments is the main reason 
by which it is believed that \Sz\ — h/2. However, we must remember that the photon has spin fi, and even so the 
longitudinal component of its spin assume only two different values: +h, —fi. The third possible value, Lz = 0, is 
not assumed by the photon spin. Therefore, the fact that the experiments point out that the component ^2 of the 
electron spin assume only two values ( +|>5'2| and —15*2 1 ) is an indicative that the spin of the electron is ?i/2, but it 
is not at all a proof of this. 

Although the experiments cannot measure the absolute value 15*2 1 of the electron spin, they can measure the electron 
magnetic dipole moment /ig. When we insert in the formula (j43p the experimental value of /Xg, as well as the mass 
and the charge of the electron, we obtain L ^ h , i.e., we obtain that the electron spin is h, instead of h/2. To make 
the spin of the electron equal fi/2, instead of using the formula P5|) it is necessary to use the formula (|33]), and to 
make the factor g equal 2. 

In the present theory, there is no anomalous factor g for the electron. The correct formula relating the magnetic 
dipole moment with the spin of the electron is the formula ()43p . In fact, this formula was obtained by considering 
a point charge moving in a circular orbit, as in the theory proposed in this paper. In addition, as discussed above, 
when we insert the experimental value of /ie, as well as the charge and the mass of the electron, in the formula (|43l) . 
we obtain that the electron spin is equal h. Therefore, the present theory predicts that the electron spin is h, instead 
of the currently believed value h/2. 

Once more we emphasize that, even having spin h, the electron continues to be a fermion and to obey the Fermi- 
Dirac statistics. What must be revised in a future work is the criterion to classify the particles as fermions or bosons. 

One last question to finalize this subsection is: "// the electron has spin h, why the experiments do not detect the 
third component, Sz = , allowed for the electron spin?. Certainly, the reason for this is the same reason by which 
the spin of the photon assume only two values. In the case of the photon this is a consequence of the null divergence 
of the electromagnetic field of the photon. The null divergence implies that the electromagnetic field cannot point out 
in the direction of propagation of the photon, and consequently the spin of the photon can assume only two values: 
+h, —h. In the present theory, the plane containing the MOCM is always perpendicular to the macroscopic velocity 
V of the electron. It is like if the amplitude of the wave function associated with the MOCM had null divergence, like 
in the case of the photons. 



B. The classical radius of the MOCM 



The Heisenberg uncertainty principle implies that the fundamental particles, for example the electron, do not 
follow a classical trajectory. However, we can estimate the classical radius of the MOCM and consider this radius as 
a characteristic length scale of the motion. 

Let us take the angular moment L associated with the MOCM (see Fig. [T|): 

L = rpo = rmc. (45) 

From this relation, the classical radius " r " of the MOCM is given by: 

L , , 

r = — . 46) 
mc 



1. The classical radius of the MOCM for the electron 



For the electron, substituting L = h in Eq. (|46)) we obtain the following result for the classical radius rg of its 
MOCM: 

h 1.05 X 10-34 J.s ^ „ ,3 

re = — w -— — sa 3.8 x 10"" m . (47 

mc (9.1 X 10-31%) X (3 X 108 m/s) ^ ' 

Note that if we multiply r^ by 27r we obtain exactly the Conipton wavelength of the electron. 



2. The frequency of the MOCM for the electron 



In the present theory, when the "massive" particle is in its "rest frame" , it makes the MOCM with velocity c. So, 
if we know the classical radius r of the MOCM we automatically know the frequency v of this motion, i.e., we know 
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how many times per second the particle completes one revolution, through the formula: 

In the particular case of the electron, whose classical radius is given by Eq. (|47p. we have: 

l.SxlO^^s-^ (49) 



2 X TT X (3.8 X 10-i3m) 

As discussed in Subsection IIII Dl when the macroscopic velocity v increases the radius of the MOCM remains constant, 
since it is not affected by the Lorentz transformations. However, the veloci ty vp of the MOCM decreases when v 
increases in consequence of the Lorentz time dilation, being given by: vq = \J (? — . Since f o = 27rr an observer 
situated in an inertial frame in which the macroscopic velocity u 7^ will see the particle doing the MOCM with a 
smaller frequency v. 



C. The charged leptons 

The discussion done in the previous subsection about the spin of the electron is valid also for the spins of the muon 
and of the tau. When we insert in Eq. ((43]) the experimental values of /z^ and /Ur, respectively the muon and the 
tau magnetic dipole moments, together with the corresponding masses and charges of these two particles, we obtain 
that the angular moment L for both the particles is ?i, instead of ?i/2. Therefore, the present theory predicts that the 
three charged leptons, electron, muon and tau, have spin Ti (instead of hjl as is believed today). 

As already discussed in the previous subsection for the case of the electron, even though the present theory predicts 
that the muon and the tau have spin fi we must classify these two particles as "fermions" , and they must obey the 
Fermi-Dirac statistics. We propose that the connection between spin and statistics is what must be revised in a future 
work. 



1. The classical radius of the MOCM for the charged leptons 

As in the case of the electron, the classical radius of the MOCM for the muon, as well as for the tau, can be 
calculated through the formula 
For the muon we have: 

h 1.05 X 10-34 J.s ^ „ 



^ mc (1.9 X 10-28 /eg) X (3 X IQS m/s) 
and for the tau we have: 

h 1.05 X 10-34 J.s 



1.8 X lO-^'^TO, (50) 



l.lxlO-^^m. (51) 



mc (3.2 X 10-27 kg) x (3 x 10^ m/s) 



As we can see, given a fixed value for the angular moment (spin), the larger is the "mass" of the particle the smaller 
is the classical radius of the MOCM (see Fig. [3]). 



2. The frequency of the MOCM for the charged leptons 

Using the relation (jlSjl . let us calculate the frequency of the MOCM for the muon and for the tau. 
For the muon we have: 



_ 3x10^ m/s 

2 X TT X (1.8 X 10-15 m) 

and for the tau: 

3 X 10^ m/s 



2 X TT X (1.1 X 10-i6to) 



2.7 X 1022 s-\ (52) 



4.3 X 1023 s-\ (53) 



As discussed in the case of the electron, the frequencies have these values only in the "rest frame" of the considered 
lepton. When the macroscopic velocity v increases these frequencies decrease due the Lorentz time dilation. The 
radius of the MOCM, however, is not affected by the Lorentz transformations, remaining constant when v increases. 
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FIG. 3: Pictorial representation of the classical trajectories of the leptons. The larger is the "mass" nii of the lepton i the 
smaller is the classical radius Vi of the MOCM. 



V. THE RELATIVISTIC QUANTUM MECHANICS 



In this section we are going to discuss the quantum mechanical formulation of the present theory. But before doing 
this let us make a brief review on the first steps given for the development of the relativistic quantum mechanics. 
This review, taken from Ref. is very brief and its aim is to emphasize some points that are important for the 
subsequent discussion. 



A. A brief review on the first steps given for the development of the Relativistic Quantum Mechanics 

The Shrodinger Equation has the following form 

ih^=Hi,. (54) 

When this equation was proposed, it became necessary to set up a Hamiltonian containing only first order derivatives 
in the spatial coordinates. This requirement is necessary if we want that Eq. ()54|) be relativistically covariant, since 
the time t together with the spatial coordinates Xi constitute a 4- vector in special relativity theory 

Historically, obtaining such Hamiltonian was a hard task The Hamiltonian of special relativity theory is not a 
linear function of the moment p, but instead it is written as a square-root: 



Vp^c2 + m2?. (55) 
As discussed in Ref. if we make the following quantum mechanical transcription: 

-V (56) 

i 

in Eq. (j55|) and substitute it in Eq. (|54p we obtain the following wave equation: 

ih^ = V-h^c-^V^ + to2c4 , (57) 

where is the Laplacian operator. _ 

Interpreting the square-root operator on the right hand side of Eq. ((57)) is a great problem ^^J. A first possibility 
to eliminate this square root is squaring the relativistic Hamiltonian (j55p : 

= p^c^ + m^c^ . (58) 

As discussed in Ref. Q, this squared Hamiltonian yields the Klein-Gordon Equation: 
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Although this equation is relativistically covariant it presents some difRculties. One of them is the extraneous negative- 
energy solution 4] : 

H = -^/p^c^ + m^c-^ , (60) 

that was introduced when the Hamiltonian ((55|) was squared. Furthermore, the square of the wave function ip obtained 
as a solution of Eq. ()59|) is not positive definite [4] . It implies that it cannot be interpreted as a probability density. 

In seeking by a relativistically covariant equation of first order in the spatial derivatives, Dirac proposed the following 
Hamiltonian [4]: 

H = c aipi + c a2P2 + c a^ps + fUmc^ , (61) 

where and /3 are matrices N x N. This Hamiltonian, when substituted in Eq. ()54p . implies that "i/; is a column 
matrix with N components. Therefore, the Dirac Hamiltonian gives origin to a set of N coupled equations. 

In order to give physical consistency for the Hamiltonian (|61|) . Dirac squared it, obtaining an expression for H^, 
and substituted it in the left equation of ([59| . obtaining N coupled equations. Dirac, then, determined the properties 
of the matrices and /3 by imposing the condition that the N equations should decouple from each other and each 
one of them should be identical to the Klein-Gordon Equation (the right equation of ([5^) [see Ref. [3]]. In other 
words, Dirac squared the Hamiltonian (1611) . obtaining: 

= c^ajpj + c^alpl + c^ajpl + fi^m^c* + CrossedTerms , (62) 

and imposed that the CrossedTerms must vanish and that of — /3'^ = I, where / is the unitary matrix iV x TV. To 
eliminate the CrossedTerms Dirac imposed that the matrices and (3 must satisfy anti-commutation relations [4|. 
These Dirac impositions make the squared Hamiltonian (|62]) identical to the correct given by Eq. ((58)) . except by 
the fact that from Eq. (|62l) is a diagonal matrix N x N. 

Dirac imposed other conditions for the matrices ai and (3 and found that the minimal dimension required for them 
is iV = 4 yj. However, for the purposes of this paper, considering the above conditions is enough. 

The Dirac Equation, as well as the Klein-Gordon Equation, contains the undesirable negative energy solutions. 
Dirac proposed an explanation for them, the called Dirac Sea Theory, but the Dirac theory can be applied only to 
the fermionic particles and not to the bosonic ones, since this theory makes use of the Pauli Exclusion Principle. So, 
the Dirac sea theory contains limitations and cannot be applied to all the particles as would be desirable. 



1. The velocity operator associated with the Dirac Hamiltonian 

In the Heisenbergpicture, if an operator A does not depend explicitly on time, its time derivative is given by the 
following equation Q: 

where H is the Hamiltonian of the system. In what follows we will use Eq. to determine the velocity operator 
V = dx/dt associated with the Dirac Hamiltonian (|5T|) . The analysis of this operator is not new. Schrodinger was the 
first to study the behavior in time of the coordinate operator x associated with a free Dirac particle To obtain 
the velocity operator we need to use the following commutation relations: 

[x.i,Xj]^0 ; [pi,pj]=0 ; [x.i,pj] = ihSij , (64) 

where x is the coordinate operator and p is the moment operator. In addition to these relations, we will make use of 
the fact that x and p commute with the Dirac matrices ai and /3 . 

Using Eq. (|63)) and the commutation relations (|64)) . we obtain the following result for the j component of the 
velocity operator associated with the Dirac Hamiltonian: 

^ ^ ^[H,xj] = ^ [caj pj , = ^ [pj , Xj] caj = ^ {-ih)caj = caj , (65) 
therefore: 

^ = oa, . (66) 
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If we use the following vectorial notation: 

d — aixi + a2X2 + azxs, (67) 
we can write the Dirac Hamiltonian (|6ip in a more compact form: 

H ^ ca-p + Pmc^ , (68) 

and the velocity operator associated with the Dirac Hamiltonian can be written as: 

dx ^ , , 

-^ca. (69) 

2. The Zttterbewegung 

Before discussing the properties of the velocity operator associated with the Dirac Hamiltonian, it is worth to 
mention here one interesting result obtained from this operator. The called "Zitterbewegung" . 

Just after the Dirac Equation was proposed, Schrodinger examined the behaviour in time of the coordinate operator 
X associated with a free Dirac particle jSj. The reader interested in seeing with more details how to derive the 
expression for the operator x can see, for example, the Section II of Ref. Here we limit ourselves to show only 
the result obtained by Schrodinger. Taking the velocity operator (|69p . after making its integration in time and some 
mathematical manipulations, Schrodinger obtained 

x^XA{t)+m- (70) 
In this expression the operator xa (t) has a similar form to the classical result for the position of a relativistic particle 

XA{t)^d+c^H~^pt, (71) 
with the operator a arising as a constant of integration. The remaining term of (j70p . ^(t), is given by @: 

f(^) = i^?lcryoi^-^e-2*^*/^ (72) 
with r/o a constant operator. 

Schrodinger interpreted ^ {t) as describing a real oscillatory microscopic motion, of high frequency, at the light speed 
c, superimposed on the macroscopic motion described by XA{t) 0- Schrodinger called this microscopic motion the 
"Zitterbewegung". The Zitterbewegung has an amplitude h/2mc (half the Compton wavelength) and an angular 
frequency 2mc^ /h. 

After Schrodinger's work several authors have dedicated, along decades, to the study of this microscopic motion (a 
rapid search for "zitterbewegung" in the website "arxiv.org" returns several references). One of the main motivations 
for the study of the Zitterbewegung is that it allows one to give a physical interpretation, with classical analogy, for 
the spin of fundamental particles. If one considers that this microscopic motion has a nonvanishing angular moment, 
the spin of fundamental particles can be interpreted as being the angular moment of this motion. However, there are 
some difficulties concerning this interpretation. One of them is that when the particle is at rest the Zitterbewegung 
term vanishes. Other difficult is that when one takes expectation values the Zitterbewegung term only survives if 
one considers wave packets composed by positive as well as negative energies. If one takes wave packets made up of 
entirely positive (or of entirely negative) energy the expectation value of the Zitterbewegung term disappears. 

From a physical point of view, the spin of fundamental particles should not disappear abruptly when the particle 
is put at rest and appear abruptly when the particle acquires an infinitesimal moment 5p. Furthermore, a free 
electron has positive energy and has nonvanishing spin. Therefore, the interpretation of the Zitterbewegung as being 
responsible by the spin of fundamental particles presents some problems. 

In opposition to the authors that consider the Zitterbewegung as being a real microscopic motion, there are others 
authors that consider this term as being a mere mathematical curiosity, with no physical manifestation. Anyway, 
the aim of this subsection is not to discuss the Zitterbewegung with many details. Our intention is only to mention 
the existence of this curious solution of the Dirac equation. The point of view of the present author is that the 
Zitterbewegung term should not be present in the coordinate operator of a free particle. This term arises as a 
consequence of the physical inconsistencies present in the velocity operator (j69p . 
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B. Some properties that the velocity operator should have in relativistic quantum mechanics 

The linear moment of a particle is deeply connected with the velocity of the particle. There are some characteristics 
of the moment that must be present in the velocity. In this subsection we are going to analyse which are the 
characteristics in common between these two physical quantities for a free particle. In this analysis we will verify 
which of these characteristics survive in the two following transitions: "classical mechanics to quantum mechanics" and 
"non-relativistic mechanics to relativistic mechanics^^ . Based on this analysis we will discuss which are the properties 
that the velocity operator should have in relativistic quantum mechanics in order to be physically consistent. Our 
conclusions will be used in the next subsection to show that the velocity operator associated with a free Dirac particle, 
Eq. ((69|) . is not physically consistent. 

To avoid confusion, from now on we will use the following convention to represent the linear moment p, the velocity 
V and the Hamiltonian H. When the moment and the velocity are quantum mechanical operators they will be 
represented by upper case (P for the moment and V for the velocity). On the other hand, when these two physical 
objects are not operators they will be represented by lower case {p and v). In what concerns the Hamiltonian, when 
it is a quantum mechanical operator it will be represented by upper case with hat [H) and when it is not an operator 
it will be represented by upper case without hat {H). 



1. How it is in non-relativistic classical mechanics 



First, let us consider the moment p of a free particle in non-relativistic classical mechanics. In this case, the moment 
is given by: 

p = mif , (73) 

where if is the velocity and to is the mass of the particle. This formula shows us that there is a deep connection 
between the moment and the velocity of a particle. In particular, we can emphasize that: 

1. The moment p points out in the same direction as the velocity H. 

2. Given one particle with fixed mass m, if we know its velocity w we automatically know its moment p through 
the formula ([73|l . 



2. How it is in non-relativistic quantum mechanics 



Now let us consider the non-relativistic quantum mechanics. The Schrodinger Hamiltonian for a free particle is 
given by: 

- P2 

H=T—. (74) 
2m ^ ' 

Using the Heisenberg equation ()63|) to determine the velocity operator V associated with this Hamiltonian, we obtain: 

V=-. (75) 
m 

Note that this relation is exactly equal the non-relativistic classical expression (175)) . except by the fact that V and 
P now are operators. The Eq. (|75p shows us that the non-relativistic quantum mechanics does not break the deep 
connection between velocity and moment existing in non-relativistic classical mechanics. In the quantum mechanical 
case we can emphasize the following points connecting these two physical quantities: 

1. Since the mass m is considered a constant number, the expression (j75l) implies that an eigenstate of the moment 
operator P is also an eigenstate of the velocity operator V . 

2. In particular, if the particle has a well defined moment p (this is true when the particle is described by a 
monochromatic plane wave-function) the velocity of the particle also has a well defined value v. In that case, 
the monochromatic plane wave-function describing the free particle is eigenstate of the operators P and V , with 
eigenvalues p and v respectively, and the relation between p and v is the classical relation (j73p . 
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Note that, in non-relativistic quantum mechanics, the components Pi of the moment operator and the components 
Vi of the velocity operator of a free particle obey the following commutation relations; 

[P^,Pj]=0 ; [P^,VJ]=0 ; [K:,^,]=0 ; = 1,2,3. (76) 



3. How it is m relativistic classical mechanics 



Now let us extend the above analysis for a relativistic particle. First we are going to consider the classical mechanical 
case. In this case, the moment p of a free particle is related with the particle velocity v through the formula: 

P = I = ■ {<') 

This expression is, in a certain sense, similar to the non-relativistic expression (1731) . The difference between Eq. (j73p 
and Eq. (j77|) is the relativistic correction factor -^/l — j (? in the denominator, which becomes important only when 
\v\^c. In the limit: |w| < c, Eq. ((771) reduces to Eq. (1751) . 

Although Eq. (f77| is not so simple as Eq. (|73|) . the points emphasized in the analysis of (|73p remain valid in the 
analysis of ([77|) . i.e.: 



1. Eq. ()77p tells us that the moment p points out in the same direction as the velocity v. 

2. Given a particle with fixed mass to, if we know its velocity v we automatically know its moment p through Eq. 
(173. 



As we can see, the most fundamental characteristics connecting the velocity with the moment in non-relativistic 
classical mechanics are verified in relativistic classical mechanics. 



J^. What should we expect in relativistic quantum mechanics? 



In the above analysis we verified that the transition " classical " to " quantum " , as well as the transition " non- 
relativistic " to " relativistic " , does not break the deep connection between the velocity and the moment existing in 
non-relativistic classical mechanics. So, we expect that the characteristics emphasized in the above analysis should 
be verified in relativistic quantum mechanics. 

In summary, one should expect that in relativistic quantum mechanics the following connection between the velocity 
and the linear moment of a free particle is verified: 

1. An eigenstate of the moment operator P is also an eigenstate of the velocity operator V. 

2. In particular, if the particle has a well defined moment p (this is true when the particle is described by a 
monochromatic plane wave-function) the velocity of the particle also has a well defined value v. In that case, 
the relation between p and v is given by Eq. (|77p . 

In other words, in relativistic quantum mechanics one should expect that, for a free particle, the components Pi of 
the moment operator and the components Vi of the velocity operator obey the following commutation relations: 

[P^,Pl]=0 ; [P^,VJ]=0 ; [V,Vj]^0 ; = 1,2,3. (78) 



C. What is wrong with the velocity operator of a free Dirac particle? 

When Dirac proposed his Hamiltonian, Eq. (|6T|) . the components of the moment operator P were assumed to 
commute with each other, like in non-relativistic quantum mechanics. So, the first commutation relation appearing 
in ([78| is satisfied in the Dirac theory. Now let us take the velocity operator associated with the Dirac Hamiltonian 
and analyse if the second and the third commutation relations appearing in (fTSl) are satisfied. 

The velocity operator V = dX/dt associated with the Dirac Hamiltonian for a free particle is given by Eq. (|69p . 
i.e., each component Vi of this operator is given by: 



Vt = cai 



i = l,2,3. 



(79) 
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where Ui are the Dirac matrices appearing on the Hamiltonian (|6T|) . Since the Dirac matrices tti are assumed to 
commute with all the components of the moment operator P, the second commutation relation appearing in (j78p is 
satisfied by the velocity operator ((7^ . i.e.: 

[P..V,]^Q. (80) 

Therefore, in the Dirac theory the first two commutation relations appearing in (I78p are satisfied. The problem 
arises when one considers the third commutation relation, i.e., when one expects that the components of the velocity 
operator V should commute with each other. The Dirac matrices do not commute with each other, but they obey 
anti-commutation relations It implies that the third commutation relation appearing in (|78|) is not satisfied by 
the velocity operator ([7^ . i.e.: 

[V^.V,]^Q ■ 1^3. (81) 

This is the first property that makes the velocity operator (1791) physically inconsistent. This property implies that it 
is not possible to find an eigenvector that is eigenstate of Vi and of Vj simultaneously, for i ^ j. Consequently, a free 
Dirac particle cannot have well defined velocity w, since we cannot determine two components of v simultaneously. 

The second property of the velocity operator ([7^ that makes it physically inconsistent is the spectrum of eigenvalues 
of this operator. Each one of the Dirac matrices Ui has only two eigenvalues, +1 and —1. So, Eq. (17^ implies that 
each component Vi of the velocity operator has only two eigenvalues, +c and — c. To be physically consistent, besides 
commute with each other, the components of the velocity operator of a free Dirac particle should have a continuous 
spectrum of eigenvalues, ranging from — c until +c. 

These two physical inconsistencies of the velocity operator (175]) imply that the classical relativistic expression for 
the linear moment: 

(82) 



^1 -i;2/c2 ' 

is not valid in the Dirac theory. Supposing that one free Dirac particle has well defined linear moment p (this is 
true when the particle is described by a monochromatic plane wave- function) , the formula ([5^ cannot be used to 
determine the velocity v of the particle because there is no velocity v associated with a free Dirac particle. The best 
we can know about the velocity w of a free Dirac particle is the value of only one component Vi, which can be -\-c or — c. 
This property of the velocity operator is similar to the one of the angular moment operator. Since the components of 
the angular moment operator L do not commute with each other, only the component can be determined, which 
in turn can assume only certain discrete values (integer multiples of K) . 

The conclusion is that the deep connection between the velocity and the linear moment, described in the previous 
subsection, is broken in the Dirac theory. Furthermore, since each component Vi of the velocity of a free Dirac particle 
can assume only the values -\-c and — c, the Dirac theory violates the result of special relativity theory which establishes 
that a massive particle cannot travel at the light speed c. 



D. What is wrong in the Dirac theory? 



The above analysis about the velocity operator of a free Dirac particle indicates that there is some mistake in the 
Dirac theory. We believe that there is nothing wrong with the Hamiltonian proposed by Dirac: 

H ^cd-P + I3mc^ . (83) 

In our point of view, the mistake of Dirac was the way by which Dirac determined the operators a and /3. As 
discussed in Subsection IV Al to determine a and /3 Dirac imposed the condition that the square of the Hamiltonian 
(1831) must give origin to N decoupled wave equations, so that each equation must be exactly equal the Klein-Gordon 
equation. The mistake in this procedure was justly to allow that the square of the Hamiltonian generates N equations, 
instead of only one. It does not matter that the N equations are decoupled from each other. The simple fact that N 
equations were generated, with N arbitrary, gave for Dirac practically an infinity number of possibilities to represent 
the operators a and /3 through matrices of dimension N x N . After imposing some conditions, Dirac concluded that 
A'' must be an even number and that the smaller value for A is A^ = 4 (see 4] for a review). However, there is no 
upper limit for A. In principle, A^ can be any even number in the interval: [4, oo) . Even when A^ = 4, which is the 
smaller value allowed for A^, there are more than one possibility to represent the Dirac matrices of dimension 4x4. 
So, although in the literature the conventional choice to represent the Dirac operators a and /3 is through matrices of 
dimension 4x4, the only reason for this choice is that the smaller is A^ the easier are the calculations. 
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The arbitrariness to represent the Dirac matrices generates some ambiguities. The authors of Ref. showed 
that, by making a canonical transformation on the Dirac Hamihonian for a free particle, the components of the new 
velocity operator commute with each other, and each component has for eigenvalues all values between — c and +c. 
The component z of the new spin operator also has different physical properties, being a constant of motion in the new 
representation, unlike the spin operator in the conventional representation [7]. However, in the new representation 
the position operator of the free particle is not trivial. As discussed in , if in the old representation the electron 
is localized in a specific point, in the new representation the electron is spread out over a region of the order of the 
Compton wavelength. So, in using the new representation one wins on one hand but one loses on the other hand. 
Basically, one is changing the localization of the problem, instead of eliminating it. 

Another point that we must pay attention is that if we represent the operators a and /3 by the Dirac matrices 4x4, 
the right hand side of the Hamiltonian ([55)1 is not equal the right hand side of the correct relativistic Hamiltonian: 

H = Vp2c2 + ^2^4 ^ (84) 

In this last Hamiltonian we have a complicated square-root operator, which certainly cannot be written as a matrix 
of dimension 4x4. Consequently, the system of 4 coupled wave equations obtained with the Dirac Hamiltonian is 
not equivalent to the wave equation obtained with the much more complicated Hamiltonian (|84p . 

In what follows we will propose a new and unique determination for the operators a and /? of the Dirac Hamiltonian 

§2^. 



1. Redefining the operator a 

We want to redefine the operator a so that the velocity operator associated with the Dirac Hamiltonian ([83]) 
presents the properties expected for it. The crucial point is that, in the Hamiltonian ((55| . any vector that multiplies 
the moment operator P, and that at the same time commutes with the position operator X, becomes automatically 
the velocity operator V associated with this Hamiltonian. To visualize this let us rewrite the Dirac Hamiltonian ([83)1 
substituting cd? by a generic operator D: 

H = D-P + Pmc^ , (85) 

with D ~ DiXi + D2X2 + D^x^. We are going to impose that the operator D commutes with the position operator X 
(remember that the Dirac operator a commutes with X). Following the same procedure made in Subsection IV A 11 
let us use the Heisenberg equation (|63)) to determine the component Vi — dXi /dt of the velocity operator associated 
with the Hamiltonian (|85p : 

W ■ 2, 7, 7 2 

= -^[H,X,] - -[D,P,,X,] ^-D,[P,,X,] = -A(-«?i) = A. (86) 

This result shows us that any vector D multiplying the moment operator P in the Hamiltonian (I85|) . and satisfying 
the commutation relation [-D,^] = 0, becomes automatically the velocity operator associated with this Hamiltonian. 
So, we propose that the Dirac matrices ca should be substituted by the own velocity operator V . Doing this, the 
Dirac Hamiltonian is rewritten as: 

H^V ■P + I3mc^ . (87) 

However, one Hamiltonian should not depend explicitly on the velocity. Hence, we will discuss how to write the 
operator V in terms of the moment operator. But before doing this, let us redefine the operator /?. 



2. Redefining f3 

Since ca was identified as the velocity of a free Dirac particle, it is much easier to redefine and to interpret /? in 
the classical mechanical formalism. So, let us make the classical mechanical transcription of the quantum mechanical 
expression (187]) . To do this transcription, we will substitute the operators V and P by the corresponding classical 
objects V and p. Furthermore, since the velocity appears explicitly on the right hand side of expression (|87l) . we are 
going to label this expression as "Energy" instead of "Hamiltonian" . So, we are going to use the letter "E" instead 
of "H" in the transcription of the left hand side of Eq. (1571) . Making this, we obtain the following expression: 



E — V ■ p + (3m(? 



(88) 
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To determine (3 we must equate the right hand side of ([88)1 with the relativistic energy ([T2]): 



r.2 



V-P + pmc' = , „ . (89) 

^Jl — v^/c^ 

Using the formula (|13p to rewrite p in terms of w, the Eq. (|89p can be rewritten as: 

Bmc'^ = — - V ■ p= — , = , ' - = mc/Wl - U? , (90) 

and we clearly identify /3: 



p = y^l^v^/c^ . (91) 
Substituting this expression for /3 in Eq. (j88p we obtain: 



E — V ■ p+ \/ (?■ ~ vac . (92) 

5. The physical interpretation of /3 

The physical interpretation of /3, given by Eq. (|9T|) . is immediate if we consider the existence of the MOCM proposed 
in this paper. For this purpose, let us take the expression ()20p for the relativistic energy: 

E = ptot c , (93) 

with Ptot given by Eq. ([21]), i.e.: 



Ptot - \jpl+P^- (94) 

In Eq. (|93p ptot is the modulus of the total linear moment ptot, given by Eq. (|19l) . and c is the modulus of the total 
velocity Vtot, given by Eq. ([23]). Since the vector ptot points out in the same direction as the vector Vtot, the right 
hand side of Eq. (fM]) can be rewritten as the product of these two vectors: 



E = Ptot ■ Vtot ■ (95) 
Using Eqs. ([T^ and we can rewrite this expression as: 

E^{po+p)-{v^ + v). (96) 
Using the fact that: po • -u = p • wq = 0, we obtain: 

E^pa-vii+p-v. (97) 

The Eq. (j97|) is another way to express the relativistic energy of a "massive" fundamental particle in the present 
theory. The vectors po and vq are respectively the moment and the velocity associated with the MOCM, whereas the 
vectors p and v are respectively the moment and the velocity associated with the macroscopic motion. 
Comparing Eq. (|97l) with Eq. (|88l) . we can see that: 

Po ■ vt) = (3m(? . (98) 

Using the relation p^ ■ = po vq and the fact that po = mc, we have: po ■ vq = mc vq. Substituting this relation in 
Eq. dMl) we obtain: 



mc vo = (3mc^ , (99) 

and we can see that cP = vq, i.e., cf3 is identified as the modulus of the velocity vq of the MOCM proposed in this 
paper. In fact, if we compare Eq. ((9T|) with Eq. (l27l) we see immediately that: c/3 = vq. 
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E. A new Hamiltonian to describe fundamental particles in relativistic quantum mechanics 



In the previous subsection we proposed that the operator " ca. ", present in the Dirac Hamiltonian (j83p . should be 
substituted by the macroscopic velocity operator " 1/ " . Then we concluded that, with this new definition for a, /3 is 
uniquely determined and is given by Eq. (|?T|). i.e.: 



= ^c? - i;2 . (100) 



With the substitutions ca. v and c/? — > \J (? — , the classical mechanical transcription of the Dirac Hamiltonian 
([55)1 is given by Eq. i.e.: 

E — V ■ p -\- \/ (p- — mc . (101) 

By making some simple algebraic manipulations the reader can easily verify that this expression for the energy is 
identical to the well known formula ([H]): 

E = , . 102 

^1 - i;2/c2 

Therefore, by making the redetermination of the Dirac operators oi and /3 as proposed in the previous subsection, we 
obtained the correct relativistic expression for the energy. 

In the MOCM theory, the term " \/ (p- — " appearing in Eq. (jlOip is interpreted as the modulus of the microscopic 
velocity " vq " . Furthermore, the mass " m " is not a fixed parameter as in special relativity theory, but the term " mc 
" is interpreted as the modulus of the microscopic linear moment " po " • By making the substitutions \J (? ~ — )■ uq 
and mc -> po hi Eq. (jl01|) . and using the relation po ^^o — ' "^^i the expression (jlOip is rewritten as: 

E^p^-VQ^p-v. (103) 

Since this expression depends explicitly on the components vq and v of the velocity, we cannot take it to be a 
Hamiltonian. However, by making some algebraic manipulations in Eq. (jlOSp this dependence can be eliminated. In 
fact, the Eq. (|103p is exactly the one shown in ([W)) . which in turn was obtained after some algebraic manipulations 
in Eq. 

E = ptotC. (104) 

Since this expression does not depend explicitly on the components of the velocity, we want to transform it in a 
Hamiltonian to describe fundamental particles in relativistic quantum mechanics. Although ptot = \/ Po + P^ will be 
a square root operator, now the situation is a little different from the one found in the beginning of the development of 
the relativistic quantum mechanics (see Subsection lV Al) . Now the term m^c* inside the square root in the Hamiltonian 
(|55p is not a numeric parameter. Now all the terms inside the square-root are components of the total moment of the 
particle: 



Ptot^ ^JpI+P^. (105) 

Instead of saying that we will have a square-root operator, we must say that we will have a "modulus-operator" , since 
Ptot is the modulus of the vector ptot- In what follows we are going to propose a quantum mechanical transcription 
to transform ptot in the modulus-operator Ptot- A detailed analysis of the mathematical properties of this operator is 
left for a future work. 

1. The modulus operator Ptot 

Suppose one particle with well defined linear moment: p — hk. This particle is described by a monochromatic 
plane wave-function, whose form is: 

(j){x) ^ e'^-^ . (106) 

This plane wave is an eigenstate of the linear moment operator P, what means that the following equation must be 
satisfied: 
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where p = Tik is the corresponding eigenvalue of P. In the space of the coordinates, P is represented by the differential 
operator: 

P=-V. (108) 
In fact, it is easy to verify that this operator satisfies Eq. (|107p : 

-Ve*^-^ = ?ifce*^-^ = pe^^-^. (109) 
i 

Making an analogy, we want to find a representation for the modulus-operator Ptot in the space of the coordinates so 
that the following equation is satisfied: 

Ptot e''*°*-"^ = Ptot e'"'*"*-'', (110) 

where ptot = ?i ^tot is the corresponding eigenvalue of Ptot ■ To exchange the vector ktot by its modulus ktot we have to 
use the following relation: ktot • x = ktot xcos{9), where 9 is the angle between ktot and x. Then the monochromatic 
plane wave is rewritten as: 

^iktofS ^ ktot X cos{e) (HI) 

Defining the new variable: u — xcos{6), if we derive this exponential with respect to u and multiply it by h/i we 
obtain: 

- |-e^ " = n ktot " = Ptot " - (112) 



Comparing (|112p with (|110|) . and considering the relation (|llll) . we identify the modulus operator Pt 



tot- 



h d , , 

Ptot^-T-, (113) 
I ou 

with u = xcos{9), where x is the modulus of the coordinate x and 9 is the angle between ktot and x. 

2. The new Hamiltonian 

In summary, we propose the following Hamiltonian to describe fundamental particles in relativistic quantum me- 
chanics: 

H = PtotC. (114) 



where Ptot = yPo+P^ is the modulus operator, corresponding to the modulus of the total moment Ptot of the 
particle. We also propose that, in the representation of the coordinates, Ptot is written as the derivative operator 
(|113p . However, as discussed in Subsection IIII F Tl to describe a "massive" fundamental particle we have to make 
the minimal coupling in the component Pq of the total moment. The minimal coupling will describe the interaction 
between the particle and a certain field. This interaction is responsible by making the particle to move in helical 
motion. If we do not make the minimal coupling, the Hamiltonian (jll4p will describe a point massless particle moving 
rectilinearly at the light speed through the space. 

3. The spectrum of masses 

Following the discussion of the Subsection IIII F ll if the field K interacting with the "massive" fundamental particle 
satisfies the condition (|35l) of null divergence, it can be written as the rotational of a vector potential M, like in 
the theory of electromagnetic interactions. In this case, the minimal coupling (j37p can be done, generating the 
Hamiltonian (|38| . If the macroscopic velocity of the particle is zero, what implies that the macroscopic moment pis 
zero too, we will have the following Hamiltonian to describe the "massive" fundamental particle in the "rest frame" : 



H ^ dlPo-qoAiY c. (115) 
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By taking this Hamiltonian, we can write the fohowing Schrodinger-hke equation: 

Hm^E^ \j {Po - qoM^ ^ c ^ mc^ 1- . (116) 

Once one knows the field M interacting with a given fundamental particle, one can solve this equation and obtain 
the "rest mass" m of the particle, as well as its excited states (if there is any). For example, maybe the muon and 
the tau are excited states of the electron interacting with a certain field M. If this is the case, each non-degenerated 
eigenstate ^'^ satisfying Eq. (|116p corresponds to a different mass m.i of the lepton i. 



4-. Only positive energies 



Note that the Hamiltonian (I114[) has as eigenvalues only non-negative energies. This is a consequence of the fact 
that this Hamiltonian is, unless a multiplicative constant c, equal the modulus-operator Ptot, which in turn has only 
non-negative eigenvalues. 

Another way of verifying the non-negativity of the energy in the present theory is remembering that the expression: 

E = ptotc (117) 

is just a different way of writing the expression ([95]): 

E = Ptot ■ vtot ■ (118) 

Since the vectors ptot and vtot point out in the same direction, the product: ptot ■ vtot ^ . Consequently, the 
energy (jllSp is always non-negative. Since the expression (I117P is identical to the expression (IllSp the first is always 
non-negative too. 



VI. THE QUANTIZATION OF THE ELECTRIC CHARGE IN THE PRESENT THEORY 



In special relativity theory, the mass is not the only physical property that prohibits one particle of moving at the 
light speed c. Particles having electric charge cannot move with this velocity as well. The reason is similar for both 
cases. While the energy of a massive particle diverges when its velocity approaches c, the electromagnetic field of 
a charged particle also diverges when the velocity of the charge approaches c (see Appendix |A|. It is interesting to 
observe the following fact. Since all the massless particles move with velocity c, only massive particles have electric 
charge. Consequently, in the present theory the "electric charge" is not an intrinsic property of the particle, as well 
as the "mass" is not. The "electric charge" arises due to the MOCM. 

As discussed in Subsection IIII Dl it is the macroscopic velocity v (and not Vtot) that is inserted in the formulas of 
the electromagnetic field shown in Appendix [X] We must remember that these formulas were developed considering 
only the existence of the macroscopic velocity v. The microscopic velocity vq is considered null in these formulas. In 
fact, when we make v = in the formulas of the electromagnetic field of a point charge, we obtain the Coulomb field, 
which is a static electric field, even though the present theory predicts that in this case the particle is oscillating, i.e., 
it is doing the MOCM with velocity c. 

So, the "electric charge" is generated by the MOCM, as well as the "mass" . If we "turn off" this component of the 
motion, the particle will begin to move rectilinearly through the space with velocity c, and this particle will not have 
neither "mass" nor "electric charge" anymore. 

One interesting consequence of this fact is that it can give us an explanation for the fact that all the electric charges 
found in nature are quantized as integer multiples of the electron charge. Once the electric charge is generated by the 
MOCM, maybe it is proportional to the angular moment associated with this motion. Since the angular moment is 
quantized as integer multiples of h, the electric charge will be quantized as integer multiples of a minimum charge. 



VII. SUMMARY 



We proposed that there is a microscopic motion, done by all the massive fundamental particles, that is not explicit 
in the formulas of Special Relativity Theory (SRT) . While the MOCM does not affect the validity of the formulas of 
SRT for our macroscopic world, the existence of this motion implies some important changes in relativistic quantum 
mechanics. The present theory gives us a simple and clear understanding about the nature of the "rest mass" of a 
fundamental particle. 
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Appendix A: Particles having electric charge cannot move with velocity c 



The electric field of a point charge q moving with uniform velocity v, obtained from the Lienard-Wiechert potentials, 
is given by 

E{r,t)^^ ^-^I'f ^ ■ R^r-vt. (Al) 

47reo (1 - sm O/c^Y'^ R'' 

Here R is the vector from the present position (vt) of the particle to r, where f is the position of the point in which 
the field is measured. 




FIG. 4: R is the vector from the present position of the particle to the point where the field is measured and v is the vector 
velocity of the particle. 

In this case, where the velocity v is uniform, it was possible to express the electric field in terms of the present 
position and time of the particle, instead of the retarded ones. It is worth remembering that although the Lienard- 
Wiechert potentials were written before the arising of special relativity theory, they are the relativistically correct 
potentials. 

Looking at Eq. (|Al|) we see that, when 6* 7^ -I, if we do t; = c the electric field vanishes, since the numerator: 
1 — v'^/c^ = , while the denominator: 1 — sin^(6')/c^ = 1 — sm^{9) > 0. On the other hand, when 6 = ^, i.e., 
when R is perpendicular to w, the Eq. (|Aip becomes: 

Looking at this expression we see that when a charged particle is put to move with velocity v = c, the electric field E± 
diverges in all points of the plane ^ = f • It implies that a particle having electric charge cannot move with velocity c. 
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